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1. Introduction

In group theory, there are many constructions f which start from a group H and produce another
group f(H). Examples of such group-theoretical constructions are: center, central quotient, derived
quotient, Frattini subgroup, Fitting subgroup, Chermak-Delgado subgroup, automorphism group, Schur
multiplier, other cohomology groups, and various constructions from permutation groups. For each of
these constructions, there is an inverse problem:

Given a group G, is there a group H such that G = f(H)? (1)

Several new results related to this problem have been obtained in [1, 2, 10, 11] for f (H) = D(H), the
derived subgroup of H. Note that in these papers the group H with the property G = D(H) has been
called an integral of G by analogy with calculus. Moreover, we recall Problem 10.19 in [1] that asks to
classify the groups in which all subgroups are integrable.

Other results of the same type are given by [7, 15, 21-23] for f(H) = & (H), the Frattini subgroup of
H. In this case, there is a precise characterization of finite groups G for which (1) has solutions, namely

G = ®(H) for some group H if and only if Inn(G) € @ (Aut(G))

(see [7]).

The same problem for f(H) = Aut(H), the automorphism group of H, has been studied in [16, 17].
We also recall the well-known class of capable groups, i.e. the groups G such that (1) has solutions for
f(H) = Inn(H), the inner automorphism group of H. Their study was initiated by R. Baer [3] and
continued in many other papers (see e.g. [4, 8]).

Inspired by these studies, in [9] we introduced the following two notions. Given a construction f on
groups, we say that a group G is

a) f-realisable if there is a group H such that G = f(H)
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and

b) completely f-realisable if there is a group H such that:
i) G=f(H);
ii) VG; < G,3H; < H such that G; = f(H));
iii) VH; < H,3G; < Gsuch thatf(Hl) = Gy

We determined completely Aut-realisable groups. We also provided some results about (completely) f-
realisable groups for f = Z,F, M, D, ®, where Z(H), F(H), and M(H) denote the center, the Fitting
subgroup and the Chermak-Delgado subgroup of the group H, respectively.

The current paper deals only with finite groups. We will continue the above study for f = L, where
L(H) is the absolute center of the group H, i.e.

LH)={he H|a(h) =hVa e Aut(H)}.
It has been introduced by Hegarty [12], together with the autocommutator subgroup of the group H:
K(H) = (h'a(h) | h € H,a € Aut(H)).

Hegarty proved an analogue of Schur’s theorem for the absolute center and the autocommutator
subgroup, namely that if H is a group such that H/L(H) is finite, then so are K(H) and Aut(H). The
converse of this result is also true, as it has been shown in [13].

Clearly, the absolute center of a group is abelian, since L(H) < Z(H) for all groups H. It was
determined for several classes of p-groups, such as for abelian p-groups in [6], for minimal non-abelian
p-groups in [18] or for p-groups of maximal class in [19]. Note that in all these cases we have

L(H) = C;f for certaink = 0, 1, 2.

Also, absolute centers of direct products of such groups of coprime orders will be direct products of
elementary abelian p-groups of rank < 2, according to Lemma 2.1 of [18]. This leads to the following
natural question:

Which (abelian) groups occur as absolute centers of finite groups? (2)

In what follows, we will show that finite cyclic groups satisfy this property. More precisely, the
following more powerful result holds.

Theorem 1.1. All finite cyclic groups are completely L-realisable.
The proof of Theorem 1.1 is based on computing the absolute center of a ZM-group, that is a finite
group all of whose Sylow subgroups are cyclic. By [14], such a group is of type
IM(m,n,r) = (a,b | a" =b" =1, b~ lab = a"),
where the triple (m, n, r) satisfies the conditions
ged(m,n) = ged(m,r — 1) = land " = 1 (mod m).

Note that [ZM(m,n,7)| = mn, ZM(m,n,r) = (a) and Z(ZM(m,n,7)) = (b?), where d is the
multiplicative order of r modulo m, i.e.

d = 0p(r) = min{k € N* | r* = 1 (mod m)}.
Finally, we mention that we were unable to give a complete answer to question (2), but, based on the
above results, the following conjecture seems reasonable:

Conjecture. All finite abelian groups are completely L-realisable.

Most of our notation is standard and will usually not be repeated here. Elementary notions and results
on groups can be found in [14]. For subgroup lattice concepts we refer the reader to [20].
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2. Automorphisms of ZM-groups
The general form of automorphisms of a metacyclic group has been determined in the main result of
[5]. In our case, we get:
Theorem 2.1. Each automorphism of ZM(m, n, r) is given by
bha¥ s piartaRlil oy >,

for a unique triple of integers (x1, x2, y) such that

0<xp,x <m, (x,m)=1,0<y<nandy=1 (mod d),
where

U], = l+r4-- 4+ u>0
"o, u=0.

In particular, we have

|Aut(ZM(m, n, 1))| = mgo(m)g .

Since Inn(ZM(m, n, 7)) is of order md, Theorem 2.1 leads to the following corollary.

Corollary 2.2. We have

p(m)n

|Owt(ZM(m, n,r))| = 7

and
ZM(m, n,1) is a complete group < ¢(m) =n= dal
The form of central automorphisms and of IA-automorphisms of ZM(m, n, ) can be also inferred
from Theorem 2.1.
Corollary 2.3. Each central automorphism of ZM(m, n,r) is given by
b'a" — b"a’, u,v > 0,

for a unique integer y such that

0<y<nandy=1 (mod d)
and each IA-automorphism of ZM(m, n, r) is given by

bha’ > g Ry s )
for a unique pair of integers (x1, x2) such that

0 < x1,x < mand (x;,m) = 1.

In particular, we have

|Autc(ZM(m, n,1))| = g and |Autia (ZM(m, n,1))| = me(m).

Next, we determine the absolute center of ZM(m, n, r).

! We note that in this case m is a cyclic number.
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Theorem 2.4. We have
L(ZM(m,n,r)) = (b),
where
e = min{s € N* | d*>s = 0 (mod n)}.

Moreover

LM, )| = —"— =
TN ey T 60y

Proof. Since L(ZM(m, n,r)) € Z(ZM(m, n, )), it follows that
L(ZM(m, n, 7)) = (b%) for some e € N*.

By Theorem 2.1, the condition b ¢ L(ZM(m, n,r)) means
bydeaxz[de]r — bde

that is
n|de(y — 1) and m | xz[del, 3)
for all pairs of integers (x3,y) satisfying 0 < x, < m,0 < y < nand y = 1 (mod d). Clearly, the
relations (3) hold if and only if they hold for x, = 1 and y = d, that is
n|d*e and m | [de],.

Since m | [de], is true for all e € N*, we must have only 7 | d%¢ and the proof is completed by the remark
that e must be chosen minimal with respect to this condition. O

For example, for ZM(5,16,2) = SmallGroup(80,3) we get d = 4, e = 1 and so L(ZM(5,16,2)) =
Z(ZM(5,16,2)) = C4, while for ZM(5,48,2) = SmallGroup(240,5) we get d = 4, e = 3 and so
L(ZM(5,48,2)) = Cj. Note that in the second case we have L(ZM(5,48,2)) # Z(ZM(5,48,2)) = C;,.2

3. Proof of the main result

First of all, we will show that L(ZM(m, n, r)) can be any cyclic group Cy when N = g“ is a prime power.
By Theorem 2.4, we must find a triple of positive integers (m, n, r) such that

gcd(m,n) = ged(m,r—1) =1
r" =1 (mod m) (4)
% =N,
where

{ d = op(r)

e = min{s € N* | d%s = 0 (mod n)}.
We start with the following auxiliary result.
Lemma 3.1. There exist a prime p and a positive integer r such that 0,(r) = q°.
Proof. By Dirichlet’s theorem, the arithmetic progression 1+ tq%, t € N, contains an infinite number of
primes. Let p be one of them. Then ¢ divides p — 1. Since the multiplicative group of integers modulo

p is cyclic of order p — 1, it contains elements of order g*. Thus there is r € N* such that 0,(r) = g%, as
desired. O

2More precisely, since ZM(5,48,2) = C3 x ZM(5, 16,2), we have L(ZM(5,48,2)) = L(C3) x L(ZM(5,16,2)) = 1 x C4 = C4
and Z(ZM(5,48,2)) = Z(C3) x Z(ZM(5,16,2)) = (3 x Cq = (1.
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Clearly, the triple (p, g**, r), where p and r are given by Lemma 3.1, satisfies the conditions (4), that
is we have

L(ZM(p, ¢**, 1)) = Cge.

For the proof of Theorem 1.1, we also need the following corollary.

Corollary 3.2. Let P be the set of all primes. Then for any qi, . ..,qx € P and any ay, . . ., o € N, there
exist distinct primes p1,....px € P\ {qu,...,qk} and positive integers r1,. . ., ri such that 0p,(r;) = q;’,
i=1,...,k

Proof. We apply Lemma 3.1 for all i = 1,..., k. It suffices to observe that the primes pj,..., px can be
chosen to be distinct, and different from gy, . . ., gk, by Dirichlet’s Theorem. O

We are now able to prove our main result.

Proof of Theorem 1.1. Let N > 2 be an integer and N = g}’ - - - g;* be the decomposition of N as a
product of prime factors. We choose py,..., px and ry,..., r¢ as in Corollary 3.2, and let

= ZM(pi, 1) i =1, k.
Then, for each i, we have
L(H) = Ca.

Let H = H; X --- X Hy. Since the groups H;, i = 1,.. ., k, are of coprime orders, we infer that they
are characteristic in H and therefore

L(H) = L(H) x -+ x L(HR) = Cyn x -+ x C o = Cy,
k
i.e. Cy is L-realisable.
Obviously, every subgroup G; of Cy is of type Cy,, where N; = q/fl -~-qf" and 0 < B < wj,

i = 1,...,k Itis easy to see that each group H; contains a normal subgroup S; = ZM(p;,q;" i .
Since all normal subgroups of a ZM-group are characteristic, it follows that S; is characteristic in H;, and
so in H. Moreover, we have L(S;) = C i Then the subgroup S = §; x - - - x Sk of H satisfies L(S) = G

Conversely, we observe that every subgroup TofHisa dlrect product Ty x - - - X Ty, where T; < Hj,
i = 1,..., k. Then each T; is either cyclic or of type ZM(p;, qi , 7)) with o; < y; < 2a;. In the second
case, we get

L(T) = Z(Ti) = C o
Consequently, L(T}) is either trivial or isomorphic to a subgroup of qu;. It follows that L(T) = L(T7) x
- x L(Ty) is isomorphic to subgroup of thlxl X oo X CqZk = Cy.
This completes the proof. O

References

] Aratjo, J., Cameron, P. ], Casolo, C., Matucci, E. (2019). Integrals of groups. Israel. J. Math. 234:149-178.

] Aratjo, J., Cameron, P. ], Casolo, C., Matucci, F. Integrals of groups II. Israel. J. Math., to appear.

[3] Baer, R. (1938). Groups with preassigned central and central quotient group. Trans. Amer. Math. Soc. 44:378-412.
]
]
]

[4] Beyl, E R, Felgner, U, Schmid, P. (1979). On groups occuring as centre factor groups. J. Algebra 61:161-177.
5 Chen, H., Xiong, Y., Zhu, Z. (2018). Automorphisms of metacyclic groups. Czech. Math. ]. 68:803-815.
[6] Dietrich, H., Moravec, P. (2011). On the autocommutator subgroup and absolute center of a group. J. Algebra

341:150-157.
[7]  Eick, B. (1997). The converse of a theorem of W. Gaschiitz on Frattini subgroups. Math. Z. 224:103-111.
[8]  Ellis, G. (1998). On the capability of groups. Proc. Edinburgh Math. Soc. 41:487-495.



COMMUNICATIONS IN ALGEBRA® 1831

Fasoli, G. Tarnduceanu, M. Completely realisable groups. J. Algebra Appl, to appear.
DOI: 10.1142/50219498824501639.

Filom, K., Miraftab, B. (2017). Integral of groups. Commun. Algebra 45:1105-1113.

Guralnick, R. M. (1978). On groups with decomposable commutator subgroups. Glasgow Math. J. 19:159-162.
Hegarty, P. V. (1994). The absolute center of a group. J. Algebra 169:929-935.

Hegarty, P. V. (1997). Autocommutator subgroups of finite groups. J. Algebra 190:556-562.

Huppert, B. (1967). Endliche Gruppen, I. Berlin: Springer Verlag.

Mack Hill, W,, Parker, D. B. (1973). The nilpotence class of the Frattini subgroup. Israel J. Math. 15:211-215.
MacHale, D. (1981). Some finite groups which are rarely automorphism groups, I. Proc. Roy. Irish. Acad. Sect. A.
81A:209-215.

MacHale, D. (1983). Some finite groups which are rarely automorphism groups, II. Proc. Roy. Irish. Acad. Sect. A.
83A:189-196.

Meng, H., Guo, X. (2015). The absolute center of finite groups. J. Group Theory 18:887-904.

Orfi, R, Fouladi, S. (2020). The absolute center of p-groups of maximal class. Filomat 34:4483-4487.

Schmidt, R. (1994). Subgroup Lattices of Groups, de Gruyter Expositions in Mathematics 14. Berlin: de Gruyter.
van der Waall, R. W. (1974). Certain normal subgroups of the Frattini subgroup of a finite group. Indag. Math.
77:382-386.

van der Waall, R. W,, de Nijs, C. H. W. M. (1995). On the embedding of a finite group as Frattini subgroup. Bull.
Belg. Math. Soc. Simon Stevin 2:519-527.

Wright, C. R. B. (1980). Frattini embeddings of normal subgroups. Proc. Amer. Math. Soc. 78:319-320.



	1.  Introduction
	2.  Automorphisms of ZM-groups
	3.  Proof of the main result
	References


<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Adobe Gray - 20% Dot Gain)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages false
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 524288
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness false
  /PreserveHalftoneInfo true
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Preserve
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
    /Courier
    /Courier-Bold
    /Courier-BoldOblique
    /Courier-Oblique
    /Helvetica
    /Helvetica-Bold
    /Helvetica-BoldOblique
    /Helvetica-Oblique
    /Symbol
    /Times-Bold
    /Times-BoldItalic
    /Times-Italic
    /Times-Roman
    /ZapfDingbats
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages false
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 200
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.20
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages false
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 200
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.20
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages false
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 400
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects true
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /ENU ([Based on 'TandF-preview-FP'] Use these settings to create Adobe PDF documents suitable for reliable viewing and printing of business documents.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AllowImageBreaks true
      /AllowTableBreaks true
      /ExpandPage false
      /HonorBaseURL true
      /HonorRolloverEffect false
      /IgnoreHTMLPageBreaks false
      /IncludeHeaderFooter false
      /MarginOffset [
        0
        0
        0
        0
      ]
      /MetadataAuthor ()
      /MetadataKeywords ()
      /MetadataSubject ()
      /MetadataTitle ()
      /MetricPageSize [
        0
        0
      ]
      /MetricUnit /inch
      /MobileCompatible 0
      /Namespace [
        (Adobe)
        (GoLive)
        (8.0)
      ]
      /OpenZoomToHTMLFontSize false
      /PageOrientation /Portrait
      /RemoveBackground false
      /ShrinkContent true
      /TreatColorsAs /MainMonitorColors
      /UseEmbeddedProfiles false
      /UseHTMLTitleAsMetadata true
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /BleedOffset [
        0
        0
        0
        0
      ]
      /ConvertColors /NoConversion
      /DestinationProfileName (sRGB IEC61966-2.1)
      /DestinationProfileSelector /NA
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements true
      /GenerateStructure false
      /IncludeBookmarks true
      /IncludeHyperlinks true
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles true
      /MarksOffset 6
      /MarksWeight 0.250000
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PageMarksFile /RomanDefault
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /LeaveUntagged
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


